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Introduction. The purpose of this paper is to give complete proofs of the i^-theoretic 
construction of the quantized enveloping algebra of the afRne Lie algebra Ql{n) sketched 
in [GV]. This construction gives a geometric classification of finite dimensional simple 
modules of sl{n) in terms of intersection co ho mo logy of graded nilpotent orbits of type 
A. The principal results were obtained jointly with V. Ginzburg. The formula for the 
Drinfeld polynomials of the simple modules in the last section was not given in [GV] . The 
basic construction is a rephrasing of the iiT-theoretic construction of the Iwahori-Hecke 
algebra given by Ginzburg. Since a detailed proof is available for the case of the Iwahori- 
Hecke algebra (see [CG]), the present paper deals mainly with the parts of the proof which 
are different from the affine Hecke algebra one, more precisely Theorem 1 whose proof is 
inspired by [V] and Theorem 2 whose proof is inspired by [BLM]. 

The first section of the paper contains some background and some technical lemmas on 
the K-groups of various fiag varieties. We give complete proofs since we were not able 
to find a proper reference. Similar results in homology may be found in [CG, Chapter 
2]. The K-theoretic construction of the quantized enveloping algebra is done in Section 
two (Theorem 1 and Theorem 2). The simple and standard modules are studied in the 
third section. The reader should be warned that we give a geometric construction of the 
quantum group of type Ql{n) while [GV] deals with type s[(n). 

1. The convolution algebra in equivariant K-theory. 

1.0. Algebraic equivariant K-theory. Throughout the paper a variety means a com- 
plex quasi-projective algebraic variety and sub-variety means closed subset for the Zariski 
topology. Given a complex linear algebraic group G and a G- variety X , let Vect'^(X) (resp. 
Coh (X)) denote the set of isomorphism classes of G-equi variant vector bundles (resp. G- 
equivariant coherent sheaves) on X. Let K'^{X) be the complexified Grothendieck group 
of Coh^(X). The K- group has a natural i?(G')-module structure where R{G) is the com- 
plexified representation ring of G. Given G Coh'~'{X) let [JF] denote its class in K'-'{X). 
Recall a few properties of the equivariant K-theory (see [CG] for more details). 

(a) For any proper map f : X ^ Y between two G-varieties X and Y there is a derived 
direct image Rf^, : K'~'{X) K'-^{Y). The map i?/* is a group homomorphism. 

(b) If / : X — > y is fiat (for instance an open embedding) or is a closed embedding of 
a smooth G-variety, and Y is smooth, there is an inverse image /* : K'~'{Y) — ^ K'~'{X). 
The map /* is a ring homomorphism for the product defined in subsection (g). 
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(c) Given G- varieties Xi,X2,Yi,Y2 and a Cartesian square 

si ih 
X2 Y2 

such that /i,/2 are proper and g^h are flat we have Rfi^g* = h* Rf2* (proper base 
change) . 

(d) Fix a smooth G- variety X and consider a smooth G-subvariety i : Y ^ X. Let 
TpX e Vect^(F) be the conormal bundle of Y in X. Set 

A(r^x) = J](-l)^[A^T^X] e K^{Y). 

i 

Then : K^{Y) K^(Y) is the product by A(T*X). 

(e) Given a G-equivariant vector bundle tt^ : E ^ X with zero section cr^ : X ^ E over 
a smooth G-variety X, the pull-back map tt* : i^'-^(X) ^ K'^{E) is invertible (Thom 

Isomorphism Theorem) and = ti"^ 

(f) Consider a smooth G-variety X. For any g E G the (7-flxed point subvariety, de- 
noted X^, is smooth. Let i : X^ ^ X he the inclusion. Suppose moreover that G is 
Abelian. Then X^ is a G-variety. The complexified Grothendieck ring R{G) is identified 
with the ring of regular functions on G and K'^{X), K^{X^), can be viewed as sheaves 
over G. Then, the direct image induces an isomorphism of the localized K-groups 
K'^{X9)g^K^{X)g and A(T^,X) is invertible in K^{X9)g. Moreover if X is complete 
and p : X ^ pt and q : X^ — > pt are the (proper) projections, then for any sheaf 
T e Coh*^(X) the Lefschetz formula holds : 

Rp,[T] = Rq, fA(T* ,X)-i ® . 



(g) If X is a smooth G-variety, there is a derived tensor product (i) making K'^{X) a ring. 

Given Tx,T2^ Coh^(A:) the product is ® {T-^ = (5* [J^i H J'a] , where K is the external 
tensor product and 6 : X ^ X x X is the diagonal embedding. 

(h) Given two G-subvarieties Zi, Z2 C X, the derived tensor product on X induces a map 
K'^{Zi) (g) K'^{Z2) K^{Zi n Z2). This map depends of the ambient smooth variety X. 
In particular. 

Lemma 1. Given two smooth G-subvarieties Zi, Z2 G X with conormal bundles T^^X , 
T*^X, set Z = Zi n Z2 and N ^ ^li^lz ^ '^k^\z ^ Vect^(Z). If Z is smooth and 
TZi\z n TZ2\z = TZ, then for any Tx G Vect^(Zi), T2 e Vect^(Z2) 

[^i]®[^2] =^(-l)iAW®.Fi|^®.F2|^] ei^^(Z). 
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Proof. Consider the deformation to the normal bundle Tz X of Z in X : we get a flat family 
MzX C whose flber over 2: G C is TzX if ^ = and X else. In particular MzZi and 
MzZ2 can be viewed as closed subschemes in MzX. Thus, the intersection product can 
be computed on the special fiber (over z = 0). We are reduced to the following situation 
: X is a vector space with a linear G-action and Zi , Z2 are subspaces stable by the action 
of G. The result follows by using Koszul resolutions. □ 

1.1. Composition of correspondences and convolution product. Let G be a linear 
complex algebraic group and Mi, M2 and M3 be smooth G- varieties. Let 



: Ml X M2 X M3 ^ Mj X Mj 



be the projection along the factor not named. The G-action on each factor induces a 
natural G-action on the Cartesian product such that the projections g.^ are G-equi variant. 
Let c Ml X M2 and Z^^ c M2 x M3 be G-stable closed subvarieties. Assume that 
the restriction of to q_^^ Z^^ fl q^^ Z^^ is proper and let Z^^ o Z^^ be its image. The 
G-subvariety o Z^^ of Mi x M3 is called the composition of and Z^^. Define a 
convolution map 

* : K«(Z,J ® K'^iZj K^{Z,, o Z,,) 

as follows. Let jF^j? ^23 be two equivariant coherent sheaves respectivelly on Z^^ and Z^^. 
Set 

[^12] * [^23] = ^?13. [^,2] ® C [-^2: 

In this formula, the upper star stands for the puUback morphism, well-defined on smooth 
maps. 

Let us now recall some technical results in intersection theory which will be used in the 
proof of surjectivity theorem (Theorem 2). Suppose that Fj is a smooth G- variety for 
z = 1, 2, 3. Let G act on Mj = T*Fi in such a way that the projection tt^ : Mj — > Fi is 
G-equi variant. Let 



p^. : Fl X F2 X F3 ^ X F, 



be the obvious projection. Fix a locally closed smooth G-subset O.^. C Fj x Fj for all 
(ij) = (12), (23), (13). Denote by Z.. = T^..{Fi x Fj) the conormal bundle and let tt^- : 

^ij ~^ ^ij projection. Set Z = qj Z^^dqJ Z^^ and O = P^^O^^ Hp^^O^s ■ Suppose 

that 

(a) the map g^glz is proper, 

(b) the projections — > F2 and O^^ — > F2 are smooth fibrations, 

(c) the restriction p = p^^lo is a smooth and proper fibration over O^g. 
As usual, Tp stands for the relative tangent sheaf along the fibers of p. 
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Proposition 2. If the hypothesis (a-c) hold then, Z^^ o Z^^ = Z^^. If moreover the O. 
are closed, then VJT^^ e Vect'^(0,J, VJ^^g e Vect^(023), 



Proof The property (a) implies that 

Z n (Fi X T*F2 X F3) = (T5^,(Fi X F2) x F3) n (Fi x T5^3(F2 x F3)) = O, 
where O is identified with its image via the zero section. Thus, 

(d) (TO,, X TF3) + {TF^ X TO,,) = T{F^ x F2 x F3). 

On the other hand, the hypothesis (b) imphes that the projection O ^ F2 is a smooth 
fibration. Thus, p^^ O^, and p^g O,, intersect transversally along O, i.e. 

(e) TO = {TO,, X TFs) n (TFi x TO,,). 

The conormal bundle to Z,, in Mi x M2 x M3, say AT,,, is the pull back of the vector 
bundle 

TO,,(BT^^^{F,xF2) 

by the obvious projection q^^ Z,, — > O,, . Let tt : Z — > O be the projection. The formulas 

(d) and (e) give 

Tp = {TO,, X F3) n {Fi X TO,,) and N„\z nN„\z ^ 7^*Tp. 

Since the projections 0„ — > F2 and O,, F2 are smooth fibrations, we get smooth 
fibrations 

T^jFixF2)G{T*F^)xF2^F2 and T^o.^i^^ x F3) CI F^ x {T* F3) ^ F^, 
and Z is isomorphic to 

Z ~ T*o„{Fr X F2) x^, T*o„{F2 x F3). 

In particular, Z is smooth. Moreover, since p~^0„ and P~^0,, intersect transversally (see 

(e) ), q^^Z,, and q^^Z,, intersect transversally also. Thus Lemma 1 implies that 

i 

Now O ~ O12 X O23 and thus 

T5(Fi X F2 X F3) ~ T5,,(Fi X F2) Xf, T*o„{F2 x F3) ~ Z. 
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Since the map p is a smooth fibration, 

Thus ° ^23 — ^13 • Finally consider the commutative square 



T T 7r,3 



Since the vertical maps are vector bundles and q-^^^lz is proper and surjective, the square 
is Cartesian. The result follows by smooth base change. □ 

As usual, for any locally-closed subset X let X be the Zariski closure and set dX = X\X. 
Set Ot = Onp~^0^^. 

Corollary 3. Suppose in addition to (a-c) that 

(f ) Oi3 C o is open, 

(g) 0,3 n {dO^, o 0^3 ) = 0,3 n (O,, o ao,3 ) = 0, 

Then Z^^ C Z^^ o Z^^ is open and, for all T^^ G Vect'^(Z,2), T^^ G Vect'^(Z23), the 
restriction of [.F^g] [J^^^] to Z^^ is 

^ (- 1 ) Rp. [A^Tp ® pl^ {T,, \oJ® Pi, (F,3 1 0,3 )] . 



Proof Set Zt = Z q^^ Z^,. The hypothesis (g) implies that the commutative square 

T T 

is Cartesian. Moreover the vertical maps are open because of (f). Thus the restriction of 
[•^12] * [-^23] to Zj3 is 

^9i3.((9:J-^12]®<3[-^23])Ut)- 

Then, apply Proposition 2. The square 

Ot 0,3 

T T 71^3 

^ Z,3 

is Cartesian (see the proof of Proposition 2) and we are done. □ 

Corollary 4. Suppose that F3 = pt and O C Fi x F2 is a smooth G-subvariety with 
conormal bundle Zq C Mi x M2 such that 
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(h) the projection Zq — > Mi is proper, 

(i) both projections pi^o : O — > Fi and p2,o : O — > -F2 are smooth hbrations andpi^o is 
proper. 

If J^^e Vect^(F2) then, 



Proof. It suffices to apply Proposition 2 witfi O^^ = O, J^^^ = Oq, O^^ = F2 and J^^s = ^ 
(see eitlier [V, lemme 5]). □ 

1.2. Partitions, matrices, and 3-arrays. For any positive integer n set [n] = 
{1,2, ■■ ■,??,}. Fix two integers n,d > 1. Let V C N"^ be tfie set of all compositions 

V = {vi, . . . ,Vn) of d into n non negative integers. Set = {Sii,S2i, ■■■,Sni), so tliat 

V = Y^i'^i^i- For V e V let [v]i C [d] be the i-th. segment of the composition v and put 
Vi = vi + V2 + ... + Vi. Thus [v]i = [l + Vi-i,Vi] and [v] = ([v]i, [v]2, [v]n) is a partition 
of [d] into n subsets. 

Let M be the set of (n x n)-matrices A = (oy ) with non-negative integral entries such 
that J ttij = d. For v, w e V we put 

M(v, w) = <^ ^ e M "^aij = v^,^aij = Wj\, 

^ j i 

SO that M = wev ^i^^ ^ have a natural map 

m = mv,w : Sd — > M(v, w) 

which identifies M(v, w) with the double coset space 5'v\<S'd/<S'w Namely, m assigns to a 
permutation a E Sd the matrix m"^ such that 



mfj. = e [v]i I a(a) e [w],-}. 



We introduce a partial order ^ on M(v,w) as follows. For A = {aij) and B — {bij) in 
M(v, w) we say that A ^ B, ii for any 1 < i < j < n we have 



r<.i ; s>j r<i ; s>j 

and for any 1 < j < i < n we have 
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Denote by < the Bruhat order on S^- The map m : (Sd, <) — > (M(v, w), :<) is monotone 
(see [BLM , Lemma 3.6]), i.e. 



(T < T =^ m'^ -< 



V(7, reS, 



The order ^ on M = ]J M(v, w) is the disjoint union of the orders on the components 
M(v, w), i.e. elements of different components are set to be incomparable. To a matrix A 
we associate a partition [A] of the set [d] labelled by the set [n] x [n] as follows : to a pair 
corresponds the segment 



[A] 



1+ E 



Ohfc, tthk 

(h,k)<(i,j) (h,k)<(i,j) 



where < is the right lexicographic order defined by 

(ij) > (/i, k) ^ {j > k or {j = k and i > h)). 
similarly let Ai, A2 be partitions of [d] such that 

Au = [j[A]ij and A2j = [j[A]i 



Let T be the set of 3-arrays {tijk)i<i,j,k<n of non-negative integers, such that ^ ^ tijk = 
d. For any u, v, w e V put 

T(u, V, w) = <^ T G T '^tijk=Ui, "^tijk^Vj, ^Ujk ^Wk>. 

j,k i,k i,j 

If 1 < i < J < 3 and T G T, let Tij G M be the matrix obtained by summing the 
entries of T with respect to the indices not named. Given two matrices A G M(t, u) and 
B G M(v, w) put 

T{A, 5) = {T G T I T12 = A, T23 - B}, M{A, B) = {T13 | T G T(A, B)]. 
The set T{A,B) is empty unless u = v. 

For any partition / = (/i,/2, ■■■■,In) of the set [d] into n subsets let 

Si = Si^ X Si^ X ■■ ■ X Si^ 

be the subgroup of 5"^ consisting of permutations which preserve each subset. In particular, 
if V G V and ^4 G M put — S'^v] and Sa = S\^a] • 

1.3. The Flag manifold. Fix n > 1. The complex linear group of rank d is denoted 
by GLd- Let (ei, 62, e^) be the canonical basis of C^. Let F be the variety of n-step 
partial flags in C^, i.e. filtrations of vector spaces 



D = {0 = Do C Di C D2 Q ... Q Dn = 
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The connected components of F are parametrized by compositions v = (vi, ...,Vn) of d : 
the component consists of flags D such that dimD^/Dj_i = Vj. For any composition 
let Dv e -^v be the flag such that 

Denote by Pv the isotropy subgroup of in GL^. The variety F^ is thus identified with 
the quotient GL^/P^. Consider the diagonal action of GL^ on F x F and Fx F x F. The 
following result is essentially stated in [BLM, Lemma 3.7]. 

Proposition 5. (a) Given two partitions v, w G V, the orbits of GL^ in F^ x F^ are 
parametrized by matrices A e M(v, w) ; the orbit Oa corresponding to A consists of pairs 
of flags {D,D') such that dim(Z)j ^ -^j) ~ ^h<i k<j "^^^ closure of Oa contains Ob 

if and only if B < A with respect to the Bruhat order on M. 

(b) For any A, S G M the set p^^{p^^ O ^'P-iz ^ b) F is stable with respect to the 
diagonal GL^ action and 

p.Mlo.f^P~lo,)= U o,. 

CeM(yl,B) 

(c) Moreover, if A, B E M there exists a unique Ao B E M(A, B) such that M(A, B) C 
{C\C <AoB}. 

(d) More precisely, given A, A', B,B' eM such that A' < A and B' < B, 

{A', B') ^ (A, B) ^ M(A', B')^{C\C <Ao B}. 



Proof. Claims (a) and (6) are immediate. As for the part (c) it suffices to prove that 
^'i3(^'i2 ^P23 ^ b) is irreducible. But p^^ : p^^ O^ ^P23 ^ is a fibration with an 
irreducible base and fiber. Thus p^^ O^ fl p^^ Og is irreducible and so is its image under 
p^3. Part {d) follows easily. □ 

For any i = 1, 2, 3 let p. : — > F be the projections along the component not named. 
For any A let p.^ be the restriction of p^ to O^. This map is a smooth fibration but is 
not proper in general. Given a positive integer a < d and a partition v of d — a into n 
summands and i ^ j set 

E^. (v, a) = diag(v) + a ■ Eij G M(v + o • e^, v + a ■ e^) 

where 'diag' stands for the diagonal matrix with the prescribed eigenvalues and Eij is 
the standard n x n-matrix unit (1 at the spot {i,j) and elsewhere). If j — i ±1 the 
corresponding GL^-orbits in F^ are closed and have the following description 

OE^^^^^^,a) = {{D,D')&F^\D'kCDk and dim{Dk/D',^) = a6ki}, 
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OE^^^^i^,a) = {{D,D')eF^\DkCD'f^ and dim{D'jDk) = aSki}. 
Thus both projections 

are proper with fibers isomorphic respectively to the Grassmannians Gra(a + Vi) and 
Gr„(o + ^;i±i). 

Given a 3-array T e T, put 

T 12 "12 ■'^23 "23 "13 

The set is a GL^-variety and may contain several GL^-orbits in general. For any 
1 < i < j < 3 let p. J : ^ F'^ be the projection along the component not named and 
let p^J ,J, denote the restriction of p^. to O^, C F^. 

Set Ti=C[x^\x^\ -'^r]' '^''^'^^ = denote the d-fold symmetric prod- 

uct of C^. For any partition / of the set [d] put 

The rings R^*^) = R ' and R(^) = R ' may (and will) naturally be identified with the 
rings of regular functions on C^^''^ and C^^-'^). In order to simplify notation, for v e V 
and ^ e M set 

R(v)^R([v])^ R(^) = R([^]). 

If J is another partition of [d] consider the symmetrizer 6/ and the projection pj such 
that 

The pull-back map pj* : 'r!'^^ — > R^^"'^'^ is the inclusion of rings. As before, if v, w e V 
we write and instead of &^^! and p'"^'. 

Proposition 6. Fix v, vi, V2 G V, A G M(vi, V2) and i = 1,2. 

(a) K^^^{FJ ~ r'"' and K^^-'^O^) ~ R*'^' as C-algehias. 

(b) The map p : F^, is a smooth hbration. The inverse image morphism p* ^ in 

equivariant K-theory is identiGed with the pull-hack map p^* * : R^"*'^ — > r'^\ If is 
closed then the direct image morphism Rpi a* well defined and 
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where the product ranges over all couples 

{s,t) e[A]jix[A]jk, if i = l, 

{s,t) e[A]ij x[A]kj, if i = 2, 
where 1 <k <l <n, j G [n]. 

Proof. Fix A G M(v, w). Let L. C C (resp. C^. C C ) be the subspace generated by the 
et such that t G Ufcl^iifc (I'Gsp- t G Ufc[^]fej )- Consider the flags D e and D' G such 
that 

D = L, © L„ e • • • e L. and D' = C, © C„ © • • • © C . 

By definition is the orbit of the pair {D, D') for the diagonal action of GL^ on Fv x 
Let Pd and Pd' be the isotropy groups of D and D'. The induction property in 
equivariant JC-theory gives an isomorphism of the ring K'^^'^(O^) with the complexified 
representations ring of the group Pd H Pd'- The groups Yii GL{L.) and Y\j GL{C.) are 
isomorphic to Levi subgroups of Pd and Pd' ■ Moreover Y\.i j GL{L^ H C^) is isomorphic to 
the reductive part of Pd H Pd'- Part (a) follows. By definition of induction, the map 

R{PD)^K'''^'{F^f^K'''^^{OA)^R{PD n Pd') 

is the restriction map, i.e. the pull-back by . As for the direct image fix, for instance, 
i = 1 and suppose that Oa is closed. The fibers of the projection ^ : Oa are 
isomorphic to the product of partial fiag manifolds 

n 

F{aii,ai2,---,ain)- 

i=l 

Thus the class G K^^'^{Oa) of the relative cotangent bundle to the fibers of pi^A is 

where the /c-th elementary symmetric polynomial in the Xg, s G stands for the class 

in K^^'^iOA) of the vector bundle whose fiber at (D, D') G Oa is 



A 



{Di_^nD'A + {D,r\D'.^))- 



Set AT^ = Ei(-1)*A*T^, where A*T^ is the z-th wedge of T^. Then, the direct image by 
pi^A is the map 
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(see [V, Lemme 4]). Part (b) follows. 
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1.4. The Steinberg variety and the convolution algebra. Fix a formal variable q 
and set A = C[q, q~^]., K = C{q). For any complex vector space V set Va = V <Sic A and 
Vk = V^c ^- Similarly if F is a A-module put Vk = V Set G = GLa x and 

use the notations of the previous sections. In particular F = U^gv -^v is the n-step flag 
variety For any A e M let Za = T^^{F x F) C T*F^ be the conormal bundle to Oa- Set 

^v,w= [j Za C T*(FvXFw) and Z = |J Z a C T*F\ 

AGM(v,w) AeM 

Using the well-known isomorphism T*F = {{D, x) e F x End(C'^) | x{Di+i) C Di} the set 
Z is identified with the following closed subvariety of T*F^ 

Z = {{D, D', X, x') e T*F^ I X = x'}. 

The variety Z is called the Steinberg variety. It is a reducible variety whose irreducible 
components are the Za, A e M. Let q^^^, q^^ and q^^ be the projections T*F^ — » T*F^ 
along the component not named. It is known that Z satisfies the following two properties 

. the restriction of the projection q^.^ to (/^^ Z fl q~^Z is proper, 

. the composition Z o Z = q^^{q^^ Z n q~^Z) is equal to Z. 

The first property is obvious, the second one follows from Proposition 2 (see also [CG, 
Chapter 6]). The group G acts naturally on Z : the linear group GL^ acts diagonaly and 
z e acts by scalar multiplication by z~'^ along the fibers. The convolution product 

-k : K'^{Z) ® K^{Z) K^{Z) 

endows K'~'{Z) with the structure of an associative A-algebra. For any A G M set = 
Ub<a^b- The natural maps K^{Z<:a) — K'^{Z) induced by the closed embeddings 
Z<A ^ Z are injective and their images form a filtration on the algebra K'^{Z) indexed 
by M. Proposition 5 implies that Z^^ o C Z^^^^. Thus, K'^(Z^^) -k K'^(Z^^) C 
K'^{Z^^^g). On the other hand, the open immersion Z^ ^ gives rise to a restriction 
map K'^{Z<a) K'^{Za) and to a short exact sequence 

^ K«(Z< J ^ K^{Z^,) ^ K«(ZJ ^ 0, 

where Z^^ stands for Ub<a ^<b (^^^ [^G^, 5.5]). The chain of maps 

K^{Z<a) - K^{Z<a)/K^{Z^a) - K^{Za) - K^{Oa) - 

provides an identification of the associated graded of K'~'{Z) with the A-module 0^gj^ R-l ^ 
Since by Proposition 5 we have Z^^, o Z^^, C Z^^^^ if A' < A, B' < B and {A', B') ^ 

(A, S), the convolution product induces a product still denoted ★ on 0^gj^ R-a such that 

Rr*RrcRr'\ 

A A A 
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Example. Given two positive integers a,b < d, and a partition v oi d — a — b put 

A = i?. -^^(v + tej, a) and B = i?^ -^^(v + aei_|_i, 6) (see Section 1.3). The orbits and 
Og are closed. The set T(A, B) reduces to a single element, T, and AoB — E..^^{v, a + b). 
For simplicity take n — 2, i — 1. Then d — a + b + vi + V2, 



fv,+b a\ 



f 2 + a y V Vo 



V-, a + b 



and the 3-array T is defined by 

^121=^212=^211=^221=0 and tl22 = a,tii2 = 6, till = fi,t222 = •i^2- 

Set Ii = [1,^1], h = [l + vi,b + vi], h = [l + b + vi,d-V2] and h = [1 + ^-^2,^]. Thus, 



The restriction of to O^, = p^^ fl is a smooth and proper fibration whose 

fiber over {D, D") e O^^^ is 



{D' eF\Dk(ZD'j^(Z D'l and dim(i:»^/i:»fe) = a5ku V/c} ~ Gra(a + b). 

Note that -^a ^'^'^ '^^^ general position in T*F^. Proposition 5 insures 

that we are in the situation of Corollary 3. Using the isomorphism above the convolution 
product ★ : K^{ZJ O K^{Zg) K^{Z^^g) is identified with the map 



R, (8) R, ^ R, , 

A A A ' 



nn^) 



(see Proposition 6 and Corollary 3). Now if / G R^^^u/s) ^j^g^ 

&'.ti% (/ ■ n n fe^) = / • eiiA ( n n '-^) = ^(«) • / 

where -P(q) is a polynomial in g which can be computed explicitely : 
Observe that the zeros of P are roots of unity. Since 

n n = n n(-</-.)^r3^. 

and [ii^j^Xi G R^^ , lij£/ga;j G R^ are invertible, the map R^^ ® R^^ — > R^^ is 
surjective, and remains surjective after specialization of g to a non zero complex number 
distinct from a root of unity. 



12 



Proposition 7. Fix a partition v e V and suppose that A = diag (v) is a diagonal matrix. 
Then Ao B = B and, given f e R^'*^ , g e R^^^ , we have 

f-><9 = f 9, 

where f is identihed with an element of R^ via the map . 

Proof. The projection p^^ restricts to an isomorphism P^^O^ ^P23^b ~^ ^b- Thus 
A o B = B and T{A, B) = {T} where T is the array such that tijk = S^jbjk- The 
proposition follows from Propositions 5 and 6, and Corollary 3. □ 

Proposition 8. Fix v e V, B e M. and A = £'^^^^(v, a). Put I = max{i | bh+i,i 7^ 0} 
and suppose, in addition, that bh+i,i > a and bij = aji. 

(a) Then Ao B = B + a {Eui - Eh+i^i) = T13 where T = {tiju) is the 3-array in T{A, B) 
such that 

kik = hk — Sih+lSklO', 
th,h+l,k = Skia, 

tijk = otherwise. 

(b) Ifbhi = then the projection p^^ j, is an isomorphism Oj, O^^^. Moreover, 

• Saob C Sb is the subgroup formed by thew's which preserve the sets [Ao B]^^^^ and 
[AoBl„ 

. w ■ Saob ■ w ^cSAifweSa is such that for all i ^ h the following holds 

H[AU^[j[AoBl^, w{[Al^^,)^[AoBl,, w{[Al^)^\J[AoBl^. 
j^i J 

Then, H^^^ and R^^^ may be viewed as subrings of R^"*"^^ and, if f e R^^\ g € then 

(AoB) 

(c) If A- a^^_^ ■ -E^ is diagonal, I = min{i | bh-i,i ^ 0} and bh-i,i > ah,h-i, then we 
have similar formulas with Ao B = B + ah,h-iiEhi — Eh-i,i). 

Lemma 9. Let A — h+A^i matrix B such that b^j — 'Y^- aji, the set 

T(A, B) is in bijective correspondence with the following set of n-tuples 

S{A, B) = {s= (si, S2, Sn)\0<sk< bh+i,k, y^gfc = q} 

k 

To an n-tuple s e S(^, B) one assigns the following array T{s) = {tijk) 

tiik = bit if i ^ h + 1, 

th+l,h+l,k = bh+l,k — Sk, 
th,h+l,k — Sk, 

tijk = otherwise. 
13 



Moreover T(s)i3 = B + J2j Sj ■ {Euj - Eh+ij). 

Proof of the lemma. An array T = {Ujk) belongs to T{A, B) if and only if 

^ ] ijjk — O'ij &iid ^ ] tjjk — bjk- 
k i 

In particular, 

tijk = if (ij) ^ {i,i),{h,h+l), 

tjjk = bjk if j h + 1, 

th,h+l,k + th+l,h+l,k — bh+l,k- 

Thus T e T(^, B) if and only if 

ftijk = if (z, j) 7^ (/i, /i+ 1), 

tjjk = ^>jA; if i 7^ + 1, 

th+l,h+l,k = bh+l,k — th,h+l,k, 
th,h+l,k < ^h+l,fc) 
J2k^h,h+l,k = ah,h+li 



if J^h+1. 



The last two equations follow directly from 6jj = Ylj <^ji- The conditions above mean 
that there exists an n-tuple s G S{A, B) such that 

tiik = bik if i^h + 1, 

th+i,h+i,k = bh+i,k — Sk, 

th,h+l,k — Sk, 

tijk = otherwise. 

□ 

Proof of the proposition. For s G S(A, S) we put C(s) = T{s)is. Observe that, if 
s, s' G S(yl, S) then we have (see Section 1.2) 



C{s') ^ C{s) ^ 



Thus, since s'^ = J^k ^k{= a) 



r>j 



Er<j K > Er<,- ^r- Vj < h. 



jr<j 



r>j r>j 

Observe on the other hand that hh+i,k = if A; > Z. Hence Sfe = if A; > Z, for any 
s G S(^, 5). Since > a, the set {C(s) \ s G S(^,5)} has a greatest element with 
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respect to ^ : it is labelled by the n-tuple s = a ■ e; e S{A,B). Since the map m is 
monotone (see Section 1.2), it follows that AoB = C(a • e/). Then, the formula in Lemma 
9 yields 

AoB = B + a{Ehi-Eh+i,i) 
and the corresponding array is the array T defined in Proposition 8 (a). We obtain 

= {{D, D', D") e p'lo, \D[QDi and dim(A n D'^) = dim{D', n D'J) + S,,S.^^a}. 

For any {D,D")eO^^,, 

p-^,AD,D") = {V\Dh-iCV cDh and dim{Dh n D'^) = dim(V n D'J) + aSj>i}. 

Thus, the fiber is isomorphic to the Grassmannian of codimension a subspaces in the 
(a + -dimensional vector space 

Dh n D'/ 



{Dh-inD'/) + {DhnD'/_,) 

In particular, if bhi = the projection p^g ^ induces an isomorphism O^^^. The 

maps 

O^oB — and O^,^ — 

are GL^-equivariant maps between GL^-orbits. The corresponding pull-back morphisms 
in equivariant i^T-theory coincide, via the induction, with the restriction of representations 
of the isotropy subgroups. Then apply Corollary 3. □ 

1.5. Generators of the convolution algebra. Wc use the notations introduced in 
the previous sections. Recall that if e M is diagonal or is of type E..^^(y, a) then the 
GLrf-orbit is closed in F^. 

Proposition 10. The convolution K-aigebra (K'^(Z)k,*) is generated by the classes of 
sheaves supported on the irreducible components such that A & M. is a diagonal matrix 
or a matrix of type ._,_^(v, 1). 

Proof Fix a matrix C e M(v, w). The proof goes by induction on 

<(c) = E(i'-i'^') 



Cij. 



If /(C) = or 1 the matrix C is of the prescribed type. Suppose that /(C) > 1. Then C 
is not diagonal. Suppose for instance that C is not a lower-triangular matrix. Put 

(h, I) = max{(z, j) \1 <i < j <n, Cij 0}, 

with respect to the right- lexicographic order (see Section 1.1). Put 

B = C + c^,{E^^,^^ - EJ and A = E^^^^^{v - c^^ ■ e^, cj. 
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Then I = max{z | bh+i,i ^ 0} and bh+i,i = Chi + Ch+i,i > Chi = ah,h+i- Moreover, 

aji = ^2 ^^3 ~ ^ihChl + Si,h+lChl = ^2 

i i i 

and hhi = 0. Thus we are in the situation of Proposition 8 (b). In particular, Ao B = C. 
Given / e R^'*'' and g e R^^^ we get 

modulo the identifications described in Proposition 8 (b). Thus the surjectivity of the map 
★ : R^ ' (g) R^ — > R^ ' follows from the surjectivity of the map 

j^(ohh+i) > R(c'^i) (g) R,(ch+ii)^ f ® 9 ^ iif)ji9)i 

where i is the obvious isomorphism 'R,^h,h+i) ~ R^'^'''^ and j is the inclusion r(^''+i.«) 
R,(c?ii) (g, f{^(^c^+ii) ^f^j. g^j^y partition [d\ = IiU I2 the algebra R^^^'^^'* is generated by r''*'' 

and R^^^"*). On the other hand 1{B) < 1{C). To complete the proof it suffices to remark 
that any sheaf supported on Z^. .j_^(v,a) can be obtain by the convolution product of a 
sheaves supported respectively on 

-^Eii±i(v+fcei±i,i)5 A; = 0, 1, a - 1, 
using the computations done in example 1.4. □ 



2. The polynomial representation and the convolution algebra. 

Fix n,d>l. 

2.1. The Drinfeld new presentation. The affine quantum group of type Ql{n) with 
trivial central charge is a unital associative algebra over K= C{q) with generators 

Ei,fc, Fi,fe, Kj^i, ie[n-l], je[n], k,leZ, Z ^ 0. 

The relations are expressed in terms of the formal series 

feez fcez i>o 

as follows 

(a) K:' • K, = K, • K:' = l, [Ktiz),K^iw)] = [Ktiz),Kjiw)] = 0, 
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(b) e,{q~\/w)-Kt{z)-K]{w) = e,{q~\/w)-K]{w)-Kt{z), if i<j 



(c) 
(d) 
(e) 



(f) 



(z) ■ F,{w) = e.,Jq''z/w) ■ F,{w) ■ (z), 



[Bi{z),Fj{w)] = {q-q~ ) ■ 6, 



5{z/w) ■ - 5{z/w) ■ k:+i(^)/k: {z) 



Fi{z) ■ Fj{w) = em,,{q''z/w) ■ E,(m;) ■ E,(^), 



(g) 



Fi{z) ■ Fj{w) = 9-m,,{q~' z/w) ■ Fj{w) ■ Fi{z), 



(h) {{Fi{z,) ■F.iz,) - Fjiw) - {q + q'^ ) ■ Ei(2;J ■ E,(«;) ■ E,(^,) + E,H ■ E,(zJ ■ E,(2;J}+ 

+{zi^z^} = 0, if |z-j| = l, 



(i) {Fi{z,)-Fi{z,)-Fj{w)-{q + q~ )-F,{z^)- Fj («;) • J + F,- («;) • (2; J • F, (2; J }+ 

+{zi^z^} = 0, if |i-j| = l, 



(j) 



[F,(2),F,H] = [E,(2),E,-H]=0, if \i-j\>l, 



where S{z) = ^ __ 2", ^^(2) = ^ and Cy, my, are the entries of the foUowing 
n X n-matrices 



C = 



/-I 1 \ 

0-11 
-1 ••• 



and M = -C - C*. 



\ ■■■-!/ 

See [D] and [DF] for more details. In particular the relations (c), (d), (f) and (g) are 
written formally, and in practice one should first multiply both sides by the denominator 
of the function 6^ since formal currents may have zero divisors. 
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2.2. The polynomial representation. We keep the same notations as in the first 
chapter. Thus R = C[x^^,x^^, ...,x^^] and for any composition v G V the algebra R*^'^) 
is identified with the subalgebra of 5'v-invariant polynomials in R. Set K = 0.^.^ ^ R*^^-* . 
For any subset / C [d] set 

6>z(^)= llOi{z/xm). 
Recall that if v e V and i e [n] then Vi — vi + V2 + ■■■ + Vi and [v]j = [1 + Vi-i,Vi]. Let 
%{z)M^) G 0Hom(Rr,Rr-^--')[[/^]] 

vGV 

be the following operators 

E.(z){f) =l(l-1~') 6^;+^*-^*+! (^f ■ 6{xi+jjjz) ■ Gj^,^ {qxi+jjj^ if V + ei - e^+i G V, 
I else, 



lo 



if V - + ei+i e V, 
else. 



Moreover let K^(2;) e End(K^)[[2; ]] be the operator whose Fourier coefficients act on 

R by multiplication by the corresponding coefficient of the expansion at z = oo, 
respectively of the rational function 

This rational function differs from the one used in [GV] since we consider here type gl{n) 
instead of sl{n). Denote by Ei^fc, F^^fe, Kj^fe and K^"^ if A; = the Fourier coefficient of z~'^ 
in the series %{z), Fi{z), Kfiz) (see Section 2.1). The main result of this section is the 
following theorem. 

Proposition 11. The map 

E,{z) ^ Ei{z), Fi{z) ^ Fi{z), Kf{z) ^ Kf{z), 



extends uniquely to a representation of U on K^-. 

Proof. Our proof is an extension to the affine case of the computations done in [V]. We 
will prove that the operators E^, F^ and satisfy the relations given in Section 2.1. The 
first and the second one are immediate. To verify the others we need some more notation. 
First, given a partition / = (Ji, I2, In) of the set [d] into n subsets, for any x G (C^)^ let 
xi e C^^^) be its projection. Second, to any k G [d] we associate two operators, r^, on the 
set of partitions of [d] in such a way that t^I is the partition with k shifted from one piece 
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of / to the next (resp. the previous) one. Then, for any v e V such that v^e^ ie^+i e V 
and any / e j^^^ 1' respectively 

{'Ei{z)f){x[^]) = {q-q ') J] f{x^+[^])S{xk/ z)e^^^,^^^^{qxk), 

fee Mi 



{Fi{z)f){x[^]) ^ {q-q ) ^ /K-[v])^(^fc/^)©[vu+i\{'c} (^fe/^) ^• 
. Let us prove (e). First observe that 

The values oi {q-q ) Ei(2;)Fj(t(;)/ and {q-q ) Fj(t(;)Ej(2;)/ at respectively 

^ /(^rrr+[v]) ^i^k/z) 5{xi/w) 6;^,^^^,^ (?^fe)®[v],+iu{fe}\{0 



!6[v]i + iU{fc} 



fee[v]iu{(} 

Their difference is equal to : 

Set A{x) = UkeM.uWU+S^ - Xk) and B{x) = llkeW]M^ ~ ^''^^keMi+M'' ^ ~ 
Then 

fce[v]iU[v]i+i ^ 

The right hand side in (e) is then obtained by a computation of residues. If i ^ j ± 1 the 
preceding formulas for 'Ei{z) and Fj{w) give immediately [Ej(^), Fj{w)] = 0. Similarly the 
values of (q- — ) Ei(2;)Fj_|_i(t(;)/ and (q- — ) Fi_|_i(t(;)Ej(2;)/ at x^^j are both equal 
to 

fe6[v]j 
'6[v]i+2 
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1 2 ^ ^ 1 2 ^ ^ 

whereas the values oi {q — q ) Ej(2;)Fj_i(t(;)/ and (qf — ) Fi_i{w)'Ei{z)f at 
both equal to 

fe,ie[v]j 



Thus [Ei(2), Fj{w)] = whenever i 7^ j. 

— 1 —2 

. Let us prove (f). The value oi {q — q ) Ek{z)'Ei{w)f at x^^j in the three cases (/c, /) — 
(z, z), (z, z + 1), (z + 1, z) is respectively 

fc,i6[v]j 



5] /(V^i+[v]) 0Mi\{/c} (^^fc) ®[v],+iu{fc}\o} 

!6[v]j + iU{fe} 

The first equality gives 



{q z- qw)'Ei{z)'Ei{w) ^ {qz - q ^ w)'Ei{w)'Ei{z), 



the other two give 



{w - z)'Ei{z)'Ei+i{w) ^{qw-q \)'Ei+i{w)'Ei{z) 

(note that we have used the basic formula {z — w) 6{z) 6{w) = 0). When \i — j\ > 1 the 
relation (f) is immediate. The proof of (g) is similar. 

. Let us prove (c). The value oi {q — q ) 'Ei.{z)Ei{w)f at x^^^ in the three cases {k,l) = 
(i, i), (i, i + 1), {i + 1, z) is respectively given by 

k^l 



(E,(;2)K,H/)(Xj^,) = 
and 
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ke[v]i 

Since S{xk/ z)9j^{q w /xk) = 8{xk/ z)6-^{q lu/^), we thus obtain 

%{z)±i{w) = e,{q'\/z)i^,{w)%{z). 

Similarly we have 
(E,(;2)K,+ iH/)(Xj^j) = 

= (9-9 ') f{x^+^^^)5{xk/z)Q^^^,^^^^{qXk)Q^,-.^{qw)Q^^^_ 
fee Hi 

and 

(K,+iHE,(^)/)(Xj^,) = 
fee Hi 

Thus, 

Ei(2;)Ki+i(t(;) = 6 _,{qw / z)-ki+i{w)%{z) . 

The other cases are obvious and (d) is proved in the same way. 

. Let us prove formula (j). If \i — j\ > 2 then {q — q ) Ei{z)'Ej{w)f{x[-y]) equals 

5^ f(^r+r+[v])^i^k/z) 5{xi/w) e^^^,^^^^{qxk) Q^^^.^^^^iqxi). 

feeMi 

i6[v],- 

Switching the factors Ej(^) and Ej(w) yields the same expression. 

. Let us prove the remaining Serre relations. We will only prove the formula (h) for j = i+1 
since the other cases are similar. First, let notice that (g—g ) ['Ei{Zj^)'Ei{z^)'Ei-\-i{w) f){x[^'^), 

(g-g~')'(Ei(^jEi+i(«;)Ei(^J/)(x[v]) and {q - q''f {'Ei+i{w)Ei{z^)Ei{z^) f){x[^]) are 
equal respectively to 

f»e[v]i_|_iu{fe,i} 

Y Ak,l,h{zi, Z2, W) Oj^j^^^.j {qXk) 0Mi+iu{fe}\{^} il'^h) 0Mi\{/=.i} (^^')' 

h6[v]i_,_lU{fc} 
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where Ak,i,h{y, z, w) = f{x^+^+^+,{)5{xk/y) S{xi/z) 5{xh/w). Set / = [v]i+i. We are thus 

k I h. I- J 

reduced to prove that, given /c 7^ / G [vj^, we have 

h.e/U{fe,/} h&I 

heiu{k} heiu{i} 
For any subset J C [d] with m elements, we have 

Y'^AWiQ^h) = [m] 

(see [M] for instance). Thus the equality is a consequence of the (obvious) equahty 

[m + 1] + [m - 1] = [2] [m], Vm e , 

which foUows from the decomposition of the product of m-dimensional and 2-dimensional 
simple representations of SL(2). □ 

2.3. K-theoretic construction of U. Recall that F is the variety of all n-step flags in 
and Z C T*F x T*F is the Steinberg variety (see Sections 1.3 and 1.4). The group 
G = GLfi X acts on Z as in Section 1.4 : GLd acts diagonally and z & acts by 
multiplication by z~'^ along the fibers. Given a partition v of d — 1 into n summands and 
i ^ j we set 

E,^^ (v) = E^^ (v, 1) = diag(v) + E,j e M(v + e„ v + e,). 
If j = i ± 1 the corresponding GLj^-orbits in i^v+e, x -Pv+ei±i are closed and are given by 

Oe^ (V) = {{D, D') eF''\D[CDk and dimiDk/D[) = S^}, 

OE^^_^i^) = {{D,D')&F''\Dk<ZD'^ and dim(L>^/L>fc) = 
Thus both projections 

are smooth and proper with fibers isomorphic respectively to the projective spaces P'^* and 
P"^±i. Recall that the conormal bundle to O^;. .j_^(v) is denoted by ZE^^^^{y)^ Given k E 1, 
let (9p^(/c) and T*pi be the relative invertible sheaf 0{k) and the relative cotangent sheaf 
along the fibers of pi respectively. Let Si^v,k be the pull-back to .^^(y) of the sheaf 
Det(T*pi) ® Op-^{k) on O^. .^^(v)- Similarly let J?-i,v,fc be the pull-back to .(v) of the 

sheaf Det {T*pi ) (g) Op^ (A;) on O ^.^^ . (v) • Since the orbits O . (v) are closed, the varieties 
^Ei±ii{-v) are irreducible components of Z. Hence, the sheaves £^i,v,fe and Ti^-^^k may be 
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viewed as sheaves on Z. They come equiped with the natural G-equivariant structure. We 
set 

^i,fe = E(-^)""'[^^'V,fe] and ^,,fc = ^(-g)-'+i[^,,,,fe] 

V V 

in K'^iZ^. Form the corresponding generating functions 

fc k 

We have introduced in Section 2.2 some generating series "K^iz) whose Fourier coefficients, 
K^^ {k e tP^)) are homogeneous Laurent polynomials in x^^x^^ ...^x ^. Since T*F is 
isomorphic to the conormal bundle of the diagonal A C -F x F, the cotangent bundle T*F 
is naturally identified with an irreducible component of Z, say Z ^. Under the map 

^ K^{F) ^ K^iT'T) ^ K^{ZJ — ^ K^{Z) 

the Kj^fc's can be viewed as classes of equivariant sheaves on Z supported by Z^. Let /Cj,fc 

denote these classes and write )Ci{z) — ^k^i,kZ £ K^{Z)\\z, z ]]. The algebra K'^{Z) 
acts by convolution on K^{T*F) ~ K^. The following result is stated in [GV, Proposition 
7.7]. 

Lemma 12. The convolution action of Si^k, ^i,k, ^i,k £ K^{Z) on K^{T*F) = is 
given precisely by the operators E^^fc, Fi^k and Ki,k- 

Proof. See [V, Theorem 10]. The formula in the proof of Proposition 6 gives 

[Tpi] = ^-L+Vi/Xf 

Vi-l<t<Vi 

Thus, we obtain 

[^i,v,fe] = ^l+vi Y[vi-i<t<Vi ^1+Vi^ti 

Eii-m^'Tp,] = n.,_,<t<.,(l - q'x,+,Jxt). 

The result follows from Corollary 4 and Proposition 6. 
The following result is stated in [GV, Lemma 7.5]. 

Lemma 13. The representation of K^{Z) on K^{T*F) by convolution is faithful. 
Proof. See [CG, claim 7.6.7]. 

The following result is stated in [GV, Theorem 7.9.]. 
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Theorem 1. The map Ej^^^ i— > 8i^k, ^ i— > J-i^ki Kj^/. i— > /Cj^fc, extends uniquely to a 
morphism of algebras : U — > i^'^(Z)^. 

Proof. Immediate since Lemmas 12, 13 and Proposition 11 imply that the elements 
£i,ki^i,ki ^i,k of the algebra K'~^{Z) satisfy the relations in Section 2.1. □ 

2.4. Surjectivity of the map ^. For any t E let and K'^{Z)t be the C^- 
algebras obtained by specializating U and K'^{Z) to q — t. The map ^' restricts to an 
algebra homomorphism 

Theorem 2.1ft is not a root of unity the map : — > K'^{Z)t is surjective. 
Fix t e which is not a root of unity. For any v G V set 

n — 1 d 

j-m 

iv=n n iii^^u.. 

i = l ■m=0 

m^d — vi 

Lemma 14. ^'t(Iu)*X'^(Zv,w)t 7^ if and only if u = v. Simiiari7K'^(Zv,w)t**t(Iu) 7^ 
if and only if u = w. □ 

Lemma 15. Fix a partition v G V. If t E is not a root of unity, then the Fourier 
coefRcients of the series Kj^v(-s)'s generate the algebra 'R^'^\ 

Proof Introduce elements Hi,k in U, z G [n] and A; G Z^, such that 

Kf{z) = Kf exp (±{q - q-') T.^^^,±k ■ z^'^ . 
Each Hi^k can be expressed as an algebraic expression in the Kj^^'s, more precisely 

fc>l ^ ^ 

A direct computation shows that in the component R^'^) of the polynomial representation 
the element Hi^±f~, k E N^, acts via multiplication by the polynomial Hj^±fc such that 



Vi-l 



1=1 l=l+Vi 



k 

We are done. □ 
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Proof of the theorem. The elements £i^k, ^i,k and /Cj^fc of K'^{Z)t decompose as the sum 
of their components in each K*^ {Z^^^)t^ where v, w G V. Lemma 14 imphes that aU these 
components belong to ^'^(Ut). On the other hand Lemma 15 implies that 

for any diagonal matrix A e M. The surjectivity now follows from Proposition 10. □ 
3. The simple and standard modules. 

We keep the previous notation. In particular G = GL^ x C^, F = F^^ is the (discon- 
nected) n-step flag manifold, Z is the Steinberg- type variety, Mv = T*Fv the cotangent 
bundles, M = Mv, and 

N = {xe End(C'^) = 0}. 

Moreover for any x E N let F^^^ = {D G F^ \ x{Di) C -Fj-i} be the Springer variety. Let 
T C GLd be the subgroup of diagonal matrices and set A = T x C^. Then, the Bivariant 
Localization Theorem [CG, Theorem 5.11.10] and the Bivariant Riemann-Roch Theorem 
[CG, Theorem 5.11.11] give a homomorphism of algebras 

K^{Z)^H,{Z^) 

for all a = {s,t) e A, where denotes the fixed point subvariety and stands for 
the Borel-Moore homology with complex coefiicients (see either [G V] ) . Moreover this map 
is surjective [CG, Theorem 6.2.4]. As a consequence, for any a = {s,t) E A we have a 
surjective homomorphism 

*a : Vt^ K'^{Z)t^ H,{Z''). 

Fix a = {s,t) e T X Let G{s) be the centrahzer of s in GLd- Let M« = be 
the fixed point subvariety and n : M" —>■ N'^ the projection to 

N" = {x e N\sxs-'^ =t-^x}. 

The map n commutes with the action of G{s). For all v e V consider the G(s)-equi variant 
complex on N°' 

jC^ = 7rXM^[dim M^] 

and set = ©v^C^. The equivariant version of the Beilinson-Bernstein-Dclignc Decom- 
position Theorem gives 

Lo,^,i0lCo\il 

0<ZN°- 

where ICq [i] is the shift of the intersection cohomology complex associated to the constant 
sheaf on O (recall that the isotropy subgroup in G{s) of a point in O is connected). Put 
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Lo,w = ®iLo,-v,i and Lq = ©v-^o,v for all O. The Lo's are simple Ut-modules [GV, 
Theorem 8.4], [CG, Theorem 8.6.12] (for their non- vanishing see the remark after Theorem 
4). The total cohomology space H^{F^) is endowed with the structure of a Ut-module (see 
[CG, Proposition 8.6.15]). Since this module only depends on the G(s)-orbit, O, of x in 
N"-, let denote it by Mq- The module Mq is called a standard module. Then we have the 
following analogue of the Kazhdan-Lusztig multiplicity formula (see [GV, Theorem 6.6] 
and [CG, Theorem 8.6.23]). 

Theorem 3. For any a= {s,t) E A and any G{s)-orbits 0,0' E N"- one has 

i 

□ 

In the formula above dim T^q, (/Co) is the rank of the i-ih. local cohomology sheaf of the 
complex ICo at any point of O' . We recall that the quantized universal enveloping algebra 
of s[(n) (with trivial central charge), denoted by U', may be viewed as the K-subalgebra 
of U generated by Fourier coefficients of the series (see [DF] ) 

E,(^), F,(^), K±i(fz)K±(f^)-\ z = l,2,...,n-l. 
Lemma 16. The \Jt-modules Lq are simple JJ^-modules. 

Proof. Immediate since Fourier coefficients of Y[i=i ^ti^^'^^) are central in Ut. □ 

Fix t E , not a root of unity. Then, simple U[-modules are parametrized by their 
Drinfeld polynomials (the proof is due to Chari and Pressley, see [CP2]). Recall further that 
a nilpotent matrix y e End(C'^) is labelled by the partition X{y) — {\i{y) > )^2{y) > •••) 
such that Xi{y) is the length of the z-th Jordan block of y. If = the dual partition, 
A^(y) = (XUy) >X^{y)>--->X'Jy)), is such that 

(y) = dimKer(2/*) — dimKer(|/*~^), z = 1, 2, n. 

In particular A^(y) may be viewed as a dominant weight of 0t(n) in the obvious way. 
Denote by A^(0) the dual partition of a representative of any nilpotent orbit O. 

Theorem 4. Fixa = {s,t) E A and Rx aG{s)-orbit O C TV". Put X"^ {O) = (A^, A^, A)^). 
Then, the Drinfeld polynomials of the simple XJ^-module Lq are given by 

Pi{^)= n z = l,2,...,n-l, 

where the Sk s are such that the matrix s is conjugate to 

k-1 

0s,L'(Ai) with D{k) = ^t^^'E,, V/ceN''. 
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Remark. It follows that the Lo's are non zero for all O. Moreover this non- vanishing 
result is still valid if t is a root of unity. 

We first mention the following simple result of linear algebra (see [CG, Remark 4.2.2]). 
Lemma 17. If x E N and v e V, then 

where < is the standard order on the weight lattice of Ql{n). □ 

Proof of Theorem 4. By construction we have 

Lo,v = {u e Lo\Ki-u = f^'^'u, \/i = 1, 2, n}. 

In other words, Lo,v C Lq is the subspace of weight Yl7=ii'^i ~ where is the 

z-th fundamental weight of sl(n). Fix x E O and set = X^{x). Since Fx^ ,x reduces to 
the single flag 

C Ker(a;) C Kei{x'^) C • • • C Ker(a;") = 

the weight has multiplicity one in the U^-module. Moreover, it follows from Lemma 17 
that all the weights of Mq are less or equal to A^. By construction 

Lo,.^{0} ^OC7r(M«), 

Thus, the weights of Lq are less or equal to A^ again. On the other hand Theorem 3 
implies that 

(i) [Mo ■ Lo] = 1, 

(ii) [Mo : Lo'] ^O^O ca. 

Fix another orbit O' ^ O containing O in its closure. Then A^(O') < A^(0). So (i) and 
(ii) imply that the module Lo has highest weight A^ and that Lo,\^ — H*{F^-^ ^). Since 
F^v X reduces to a single point, on Lo^x^^ C Lo we get (see 2.2) 

and we are done. □ 

Let u)i,U2, ■■■tUJu-i be the fundamental weights of sin- For any a G and any i = 
1, 2, 71 — 1, let V{ui)a denote the fundamental representation of U', i.e. the simple finite 
dimensional U'-module whose Drinfeld polynomials are 

Pj{z) = {z - ay^% Vj = l,2,...,n-1. 
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For any partition A = (Ai > A2 > ... > A/ > 0) of d and any a = {ai,a2, ■■■,ai) e (C^)', 
consider the block diagonal d x d-matrices 

/ fc-i 
xx = ^JiK) with J{k) = J2Ei,i+i V/ceN^ 

i=l i=l 

and 

s\,a = ^aiD{Xi), 

i=l 

(see the previous theorem). In particular 5^,0; xx = xx- Denote by Ox,a the G{sx,a)- 
orbit of Xx in N"'^-", where ax,a = {sx,aj't)- 

Proposition 18. If Xi < n for all i then the classes of Mq,^ „ and 

® V{u;x,)^-itX2-2 ® ■ ■ ■ ® V{u;x,)^-itXi-2 
in the Grothendieck ring of finite dimensional \J[-modules are equal. 

Proof. First, recall the geometric construction of the Schur functor given in [GRV, Theorem 
6.8] between U^-modules and H^-modules, where is the affine Hecke algebra of gt^ with 
quantum parameter t. Suppose that n > d. Let Fc be the variety of complete flags in 
and let Mc = T*Fc be the cotangent bundle. Given a e ^, let tt : M« ^ iV« be the 
projection and consider the complex = 7r*CM^[dimM"]. Put 

\Ja = Ext(£", £"), Ua = Ext(£^, £^) and = Ext(£^, £") 

(the Yoneda Ext-groups in the bounded derived category of constructible sheaves on A'"'*.) 
The space is a (Ua, Ha)-bimodule. Moreover, since we have surjective algebra homo- 
morphisms 

TJt Uo and H^, 

a Ha-module (resp. a Ua-module) can be pulled back to a Ht-module (resp. a Ut-module). 
The Schur dual of the pull-back of a Ha-module V is the pull-back of the Ua-module 
V° = Wa (S>Ha In particular, flx a nilpotent orbit O C iV" and fix a point x E O. 
Denote by j the embedding {x} ■— > N"-. The standard module Mq is isomorphic to the 
cohomology space H*{j where TJt acts via the algebra homomorphism 

U,^U„^Ext(y£^y£«). 

Mo splits as a vector space into the direct sum 

Mo = ^Lo'®H\j-ICo'). 

0',k 
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Similarly the underlying vector space of the standard H^-module corresponding to O is 

No = ^L,,o'^H\flCo')- 

0',k 

Let Aa C Ha be the maximal semi-simple subalgebra of H^, i.e. = 0QEnd(Lc,o)- 
Recall that we have an isomorphism Wo = Hom(Lc,o, -^o)^ ®Aa (see [GRV; 

(6.12)]). Then, 

= 0O",fe (©O' Hom(Le,o', ivoO^ ®A<, Ha ®H<, L^,0" ® H'^iflCo"), 

= ®o',k(^om{Lc,o',Lo') ®A„ Lc,o' ®H^{3 lCo')^, 
= Mo. 

Now using the Induction Theorem [KL, Theorem 6.2] one proves that the class [Nq] of 
No in the Grothendieck ring is the same as the class of an induced module (see [A]). More 
precisely, we have 

Here ^ C is the affine Hecke algebra of the Young subgroup of 6^ associated to the 
partition A and Cq- is the one-dimensional module such that 

Ti^t and Xi ^ sx,a,i, 

where SA,a,i is the z-th entry in SA,a- In particular if A = (d) then x\ is regular and, thus, 
Nq^ „ is the simple Ht-module labelled by OA,a- If moreover d < n, its Schur dual is the 
simple U^-module Lq^ „ — V{uJd)a-it'^-2. Using the behaviour of the Schur functor with 
respect to tensor products (see [CPl] for the case of the affine Hecke algebra) we get the 
result. n 

Remark. Theorem 3 implies in particular that if 0^,0 C N"-^'" is open then V {00x1)^-1^x^^-2^ 
^('^A2)a-itA2-2 (8) • • • ® y{^\i)a-h^i-'^ irreducible. 
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